Higher extensions for gentle algebras by Baur, Karin & Schroll, Sibylle
HIGHER EXTENSIONS FOR GENTLE ALGEBRAS
KARIN BAUR, SIBYLLE SCHROLL
Abstract. In this paper we determine extensions of higher degree between inde-
composable modules over gentle algebras. In particular, our results show how such
extensions either eventually vanish or become periodic. We give a geometric inter-
pretation of vanishing and periodicity of higher extensions in terms of the surface
underlying the gentle algebra. For gentle algebras arising from triangulations of sur-
faces, we give an explicit basis of higher extension spaces between indecomposable
modules.
Introduction
Extensions and higher extensions play an important role in many areas of mathe-
matics. For example, in representation theory associated to cluster algebras, vanishing
of extensions define cluster tilting subcategories. The vanishing of higher extensions
give rise to cotorsion pairs and to Ext-orthogonal pairs of subcategories [16]. Exten-
sions in the case of gentle algebras have been considered by various authors, see, for
example, [23, 7, 6, 4]. However, so far, higher extensions of gentle algebras have not
been explicitly studied.
Geometric models as in the context of cluster theory [1, 10] play an important role
in relating different areas of mathematics and transferring ideas from one area to an-
other. This is demonstrated by recent advances in relating representation theory with
homological mirror symmetry, see for example [3, 13, 20]. In this context, in [19] the
authors give a geometric model of the bounded derived category of a finite dimensional
gentle algebra Λ. In the case that the gentle algebra is homologically smooth (and with
grading concentrated in degree 0), this model coincides with the model in [13] shown
to be equivalent to the partially wrapped Fukaya category of the same surface with
stops [18]. The geometric models in [13, 18, 19] give the higher extensions between
indecomposable objects, in that ExtnΛ(M,N)
∼= HomDb(Λ)(M,N [n]). However, since
in this set-up, the identification of Db(Λ) with the homotopy category of projectives
K−,b(projΛ) is used, it is difficult in practice to concretely deduce higher extensions
between indecomposable modules over gentle algebras in terms of the surface geome-
try. For this reason we work instead with the geometric surface model of the module
category [2] where arcs correspond directly to indecomposable modules.
In this paper, we determine the higher extension spaces between indecomposable
modules over gentle algebras by a detailed study of their syzygies. We note that
syzygies of indecomposable modules over string algebras have been studied in [14]
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and over gentle algebras in [15]. However, for our purposes, we need a more precise
understanding of the syzygies. We show that the first syzygy of any indecomposable
module is a direct sum of indecomposable projectives and at most two non-projective
uniserial modules which are generated by an arrow (Corollary 3.3). We use this to show
that that higher extensions over gentle algebras are either eventually zero or become
periodic (Theorem 3.4).
We geometrically determine higher extensions for Jacobian algebras of quivers with
potential arising from triangulations of oriented surfaces with marked points in the
boundary (Theorems 4.1, 4.3, 4.5), using the geometric model developed in [1, 10, 17].
We also briefly geometrically describe higher extensions for general gentle algebras using
the geometric model of the module category of a gentle algebra given in [2], building
on [1, 8, 9, 21].
In particular, we note that if two indecomposable modules are given by arcs in a
surface, the number of crossings of the two arcs has no bearing on the higher extensions.
Instead, the higher extensions solely depend on where the two arcs start and end.
Acknowledgement. The authors thank I. Canakci, R. Coelho Simoes, and A. Garcia
Elsener for helpful discussions. The authors also thank A. Garcia Elsener for comments
on an earlier version of the paper.
1. Notation
Let Λ = KQ/I be a finite dimensional algebra for some algebraically closed field K.
We consider the category mod−Λ of finitely generated right modules over Λ. We write
p = a1 · · · an for the composition of arrows a1→ · · · an→ and if α is an arrow from vertex i
to vertex j, we write s(α) = i and t(α) = j. For M ∈ mod-Λ, write minimal projective
resolutions as
· · · → P 2 → P 1 → P 0 →M → 0
Denote by P (M) the projective cover of M . If P (M)
f→ M is the projective cover of
M then the first syzygy of M is defined as Ω1(M) = ker f , and for k > 1, Ωk(M) =
Ω1(Ωk−1(M)). Similarly, we write I(M) for the injective hull of M and if M g→ I(M)
is the injective hull of M then the first co-syzygy of M is define as Ω−1(M) = coker g,
and for k > 1, Ω−k(M) = Ω−1(Ω−k+1(M)).
1.1. Gentle Algebras.
Definition 1.1. We call a finite dimensional algebra Λ = KQ/I with admissible ideal
I gentle if
(1) For every v ∈ Q0 there are at most two arrows starting and two arrows ending
at v.
(2) For every α ∈ Q1 there exists at most one arrow β such that αβ /∈ I and there
exists at most one arrow γ such that γα /∈ I.
(3) For every α ∈ Q1 there exists at most one arrow β such that t(α) = s(β) and
αβ ∈ I and there exists at most one arrow γ such that t(γ) = s(α) and γα ∈ I.
(4) I is generated by paths of length two.
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Notation for string modules. For Λ = KQ/I gentle, the indecomposable modules
are string and band modules, [22, 5]. String modules are given by walks in the quiver,
as we recall now. Write Q−11 for the formal inverses of the elements of Q1. For α ∈ Q1,
set s(α−1) = t(α) and t(α−1) = s(α).
A walk is a word w = α1 · · ·αm with αi ∈ Q1 ∪ Q−11 such that t(αi) = s(αi+1) for
all i. A walk is a string of length m ≥ 0 if for all i, αi+1 6= α−1i and αiαi+1 /∈ I if
αi, αi+1 ∈ Q1 and α−1i+1α−1i /∈ I if αi, αi+1 ∈ Q−11 . A string of length 0 is a trivial string
at some vertex v, it will be denoted by ev. A string w = α1 · · ·αm is direct if all αi
occuring are in Q1, it is inverse if all αi occuring are in Q
−1
1 .
We denote by M(w) the string module associated to the string w. If w = ev is a
trivial string at vertex v then M(ev) is the simple module at v which we also denote
by S(v).
We note that band modules are indexed by 1-parameter families. The modules at
the mouth of rank one tubes in the Auslander-Reiten quiver are called quasi-simple
and up to cyclic permutation and inverse, they are given by cyclic walks in Q.
Remark 1.2. Note that the indecomposable projective Λ-modules are of the form
Pv = evΛ = M(p
−1evq) where p and q are maximal paths starting from v. The
indecomposable injective Λ-modules are of the form Iv = D(Λev) = M(pevq
−1) where
p and q are maximal paths ending at the vertex v.
1.2. Gentle algebras arising from triangulations.
Let T be an (ideal) triangulation of a surface with marked points (S,M) such that
M ⊂ ∂S 6= ∅. By [1, 17] the triangulation T defines an algebra Λ = Λ(T ) given
by a quiver Q = Q(T ), Q = (Q0, Q1) with vertices Q0 and arrows Q1, and maps
s, t : Q1 → Q0 sending an arrow to its starting or terminating point respectively and an
ideal I induced by the natural potential (arising from the triangulation of the surface)
and define Λ(T ) = KQ/I. By [1], Λ(T ) is a gentle algebra. Recall that in particular,
any oriented cycle in Q is a 3-cycle with full relations.
Definition 1.3. We call an algebra Λ(T ) = KQ/I as above a the gentle algebra of the
triangulation T .
An arc is a homotopy class of curves connecting marked points on the boundary. By
[1] arcs are in bijection with isomorphism classes indecomposable string modules over
Λ(T ) and the one parameter families of band modules are in bijection with homotopy
classes of closed curves in (S,M).
Any gentle algebra arising from a triangulation is 1-Gorenstein. For a general gentle
algebra Λ, by [15] M ∈ mod-Λ is Gorenstein projective if and only if M = Ωd(N) for
some module N where d is the virtual/Gorenstein dimension of Λ. That is for a gentle
algebra Λ(T ), T a triangulation of a surface, M is Gorenstein projective if and only
if M = Ω1(N) for some N . Since finite dimensional Jacobian algebras of quivers with
potential are 2-CY tilted algebras, this also follows from [11].
1.3. Extensions between string modules. Let Λ = KQ/I be gentle, let v and w be
strings and M(v) and M(w) the corresponding string modules. Theorem A of [6], see
also [7], describes the extensions of M(v) by M(w). More precisely, it proves that the
collection of arrow and overlap extensions of M(v) by M(w), as defined below, form a
basis of Ext1Λ(M(v),M(w)). If there is an arrow α such that wα
−1v is a string, then
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there is a non-split short exact sequences
0→M(w)→M(wα−1v)→M(v)→ 0.
Such an extension is called an arrow extension of M(v) by M(w). See Figure 1 for
a representation in terms of strings. The overlap extensions of M(v) by M(w) are
described in terms of strings in Figure 2, we refer to [7, 6] for more details.
0 0w w
v
v
α
Figure 1. An arrow extension of M(v) by M(w).
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Figure 2. An overlap extension of M(v) by M(w) with overlap m.
2. Modules generated by an arrow
Let Λ = KQ/I be a gentle algebra. In this section we give a detailed study of
modules generated by arrows by recalling and expanding the results from [15] where it
is shown that certain modules generated by an arrow are Gorenstein projective. We will
see in the next section that in general the modules generated by an arrow constitute
the non-projective summands of syzygies over gentle algebras.
For α ∈ Q1, set R(α) = αΛ. Furthermore, define U(α) = D(Λα). Since Λ is gentle,
R(α) and U(α) are uniserial.
Definition 2.1. For Λ = KQ/I gentle, denote by C(Λ)n the set of arrows in cycles of
length n with full relations, i.e. for any two consecutive arrows α, β in such a cycle,
αβ ∈ I. We define C(Λ) = ∪n>0C(Λ)n.
Remark 2.2. Let α be in Q1.
(1) If there is no arrow β such that αβ /∈ I, we have R(α) = M(et(α)) = S(et(α)).
Otherwise, R(α) = M(p) where p is the maximal direct path starting with the unique
arrow β such that αβ /∈ I.
Similarly, if there is no arrow γ such that γα /∈ I, U(α) = M(es(α)) = S(es(α)).
Otherwise, U(α) = M(q) where q is the maximal direct path ending with the unique
arrow γ such that γα /∈ I.
(2) Consider Pt(α) and Is(α) for α ∈ C(Λ). Then there is a cycle α0α1 · · ·αn where
α = α0, such that αiαi+1 ∈ I for all i (reducing modulo n). If there is no  ∈ Q1 such
that α /∈ I then Pt(α) = R(α). Otherwise Pt(α) is biserial, that is Pt(α) = M(qp) for q
an inverse string ending in α−11 and p is a string as in (1). If there is no δ ∈ Q1 such
that δα /∈ I then Is(α) = U(α). Otherwise Is(α) is biserial, that is Is(α) = M(rs) for r
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a string as in (1) and s an inverse string starting with α−1n .
(3) R(α) is a direct summand of the radical of the projective Ps(α) = es(α)Λ (cf. [15])
and U(α) is a direct summand of It(α)/ soc It(α).
Lemma 2.3. Let Λ = KQ/I be a gentle algebra and let α be in Q1.
(1) R(α) is projective if and only if there is no β ∈ Q1 such that αβ ∈ I;
(2) Suppose that there exist α1, α2, . . . , αn, all distinct, where α1 = α is such that
αiαi+1 ∈ I for all i < n. Then there are short exact sequences
0→ R(α2)→ P (R(α1))→ R(α1)→ 0
0→ R(α3)→ P (R(α2))→ R(α2)→ 0
...
0→ R(αn)→ P (R(αn−1))→ R(αn−1)→ 0
Furthermore, pdimR(α) = n if and only if there exists no arrow β with αnβ ∈ I and
pdimR(α) =∞ if and only if α ∈ C(Λ).
Proof. (1) Suppose first that R(α) is projective, that is, R(α) = Pt(α). Suppose further
that there is β ∈ Q1 such that αβ ∈ I. Then by Remark 2.2 (2), Pt(α) = M(w) where w
is a string qβ−1p where q is a possibly zero inverse string such that qβ−1 /∈ I and where
p is a possibly zero direct string. Suppose first that there exists no γ ∈ Q1 such that
αγ /∈ I then R(α) = St(α), that is, R(α) is the simple module at t(α). But St(α) is only
projective if it is the projective at t(α), a contradiction. Suppose now that there exists
γ such that αγ /∈ I. Let γ1 · · · γn be the maximal sequence of arrows where γ = γ1
and γiγi+1 /∈ I. Then R(α) is the uniserial corresponding to this sequence and it is not
projective since the string of Pt(α)) has as substring β
−1γ1 . . . γn. Thus we have shown
that if R(α) is projective then there is no β ∈ Q1 such that αβ ∈ I.
The converse is immediate, since if R(α) is not projective, there exist β such that
αβ ∈ I.
(2) By definition we have that α1α2 ∈ I. Suppose first that there exists no  ∈
Q1 such that α1 /∈ I. Then by Remark 2.2 (1) and (2), R(α1) = M(et(α1)) and
Pt(α1) = M(α2q) where q is the maximal direct string such that α2q /∈ I. Hence
Ω1(R(α1)) = M(q) = R(α2). Suppose now that there exists  ∈ Q1 such that α1 /∈ I.
Then by Remark 2.2 (1), R(α1) = M(p) where p is the unique maximal direct string
such that α1p /∈ I and by Remark 2.2 (2), Pt(α1) = M(q−1α−12 p). Hence we have again
that Ω1(R(α1)) = M(q) = R(α2) and if there exists no β such that αnβ ∈ I, it follows
that pdimR(α) = n.
If pdimR(α) = n, then R(αn) is projective and it follows from (1) that there exists
no arrow β with αnβ ∈ I.
If any of the αi are in C(Λ) then since Λ is gentle, α ∈ C(Λ) and R(αm) = R(α)
for some m. On the other hand if pdimR(α) = ∞ then since Λ is finite dimensional,
there exits some m > n such that R(αm) = Ω
m−1R(α1) and αm = α1. Hence α = α1 ∈
C(Λ). 
Lemma 2.4. Let Λ = KQ/I be a gentle algebra and let α be in Q1.
(1) U(α) is injective if and only if there is no γ ∈ Q1 such that γα ∈ I;
(2) Suppose that there exist α1, . . . , αn, all distinct, where α1 = α and where αiαi+1 ∈ I
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for all i < n then there are short exact sequences
0→ U(αn)→ I(U(αn))→ U(αn−1)→ 0
0→ U(αn−1)→ I(U(αn−1))→ U(αn−2)→ 0
...
0→ U(α2)→ I(U(α2))→ U(α1)→ 0.
Furthermore, idimU(α) = n if and only if there exists no arrow γ with αnγ ∈ I and
idimU(α) =∞ if and only if αi ∈ C(Λ) for some i.
The proof of Lemma 2.4 is analogous to the proof of Lemma 2.3.
Remark 2.5. Note that if M is an injective module over a gentle algebra KQ/I, i.e.
M = M(pq−1) for p, q direct paths in Q, the syzygies Ωi(M) have been determined for
all i in [12].
The following is an immediate consequence of Lemma 2.3 and 2.4 and their proofs.
Corollary 2.6. If α is in an n-cycle with full relations, then Ωn(R(α)) = R(α).
Definition 2.7. If w is a direct string such that there exists no α ∈ Q1 such that
wα /∈ I (respectively, αw /∈ I), we say that w is a right (respectively, left) maximal
string. Similarly, we define left and right maximal for inverse strings. For R(α) = M(p)
with p right maximal, we call p the string of R(α).
Proposition 2.8. Let Λ = KQ/I be gentle and let M = M(w) be an indecomposable
string module over Λ, α ∈ Q1 with p the string of R(α). Then Ext1Λ(R(α),M) 6= 0 if
and only if there exists an arrow β such that αβ ∈ I and wβ−1p is a non-zero string.
In that case, Ext1Λ(R(α),M) is one-dimensional and is the arrow extension given by β.
Remark 2.9. Note that if Λ = Λ(T ) in Proposition 2.8, then Ext1Λ(R(α),M) 6= 0 implies
that α is in C(Λ).
Proof of Proposition 2.8. By [6, Theorem A], if Ext1Λ(R(α),M) 6= 0, these extensions
are arrow or overlap extensions. We show first that there can be no overlap extensions.
So suppose there exists an overlap extension with overlap m, see Figure 2. Then
p = vLm is a direct string and vR is trivial. Since p is right maximal, m is right
maximal and therefore, wR is trivial. But this contradicts the fact there is an overlap
extension as both w and p end in the overlap in this case.
Therefore, any extension must be an arrow extension with an arrow γ such that
wγ−1p is a non-zero string, [6, Theorem A].
If there exists no β such that αβ ∈ I then R(α) is projective (Lemma 2.3 (1)) and
Ext1Λ(R(α),M) = 0. So assume there exists β with αβ ∈ I. Then Ext1Λ(R(α),M)
is an arrow extension if and only if wβ−1 is a non-zero string, [6, Theorem A]. This
completes the first part.
To see that dim Ext1Λ(R(α),M) = 1, note that there must be at least one arrow
extension with some arrow γ. In particular, s(p) = s(γ). Since αβ ∈ I, β is not an
arrow in p and as Λ is gentle, γ = β. 
Corollary 2.10. Let Λ = KQ/I be a gentle algebra and let α ∈ Q1. Then
dim Ext1Λ(R(α), R(α)) ≤ 1. In particular, if pdimR(α) ≤ 2 or if Λ = Λ(T ) for T
a triangulation of a surface then R(α) is rigid.
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Proof. The first part is Proposition 2.8. Let R(α) = M(p). If R(α) has an arrow
extensions with arrow β, then pβ−1p is a string. This implies that αβ ∈ I. Now
suppose that Λ = Λ(T ). Then if α /∈ C(Λ), R(α) is projective. So suppose that
α ∈ C(Λ). Since α is in a full cycle of relations, there exists an arrow γ such that
βγ ∈ I. Since Λ is gentle, we have pγ /∈ I, contradicting the right maximality of p.
Similarly if Λ is general and pdimR(α) ≥ 2, there exists γ such βγ ∈ I and pγ /∈ I,
contradicting the right maximality of p. 
3. Higher syzygies
In this section, we determine syzygies of indecomposable modules over gentle al-
gebras and deduce some consequences for higher extensions. Since gentle algebras are
monomial and hence string algebras, it already follows from [24, 14] that in a projective
resolution, from the second syzygy onwards, all indecomposable summands are unise-
rial. However, we need a more precise description of the decomposition of the syzygies
into direct sums of indecomposable modules.
Proposition 3.1. Let M be an indecomposable string module over a gentle algebra
Λ = KQ/I. Then we have:
(1) Ω1(M) = L0 ⊕ · · · ⊕ Lk for some k and where for i = 1, . . . , k − 1, Li is projective
and L0 and Lk are uniserial or zero.
Furthermore, either Ωi(M) = 0 for some i > 0 or there exists some n > 0 such that
Ωln+i(M) = Ωi(M) for i ≥ m for some positive integers m and for l ≥ 0.
(2) Ω−1(M) = N0 ⊕ · · · ⊕Nl for some l and where for i = 1, . . . , l − 1, Ni is injective
and N0 and Nl are uniserial or zero.
Furthermore, either Ω−i(M) = 0 for some i > 0 or there exists some n > 0 such that
Ω−ln−i(M) = Ω−i(M) for i ≥ m for some positive integer m and for l ≥ 0.
Proof. We will prove part (1) of the proposition. Part (2) then follows by a dual
argument. Let M = M(w) where w = w1w2 · · ·wn where each wi is a direct or inverse
string, alternatingly. The string w of M can be presented in the following way
w2i
t(w2i−1)
s(w2i−1)
t(w1)
w1
s(w1)
t(w2)
= t(w2i−2)
t(w2i)
w2k
t(w2k−1)
t(w2k)
w2
where if w starts (resp. ends) with a direct (resp. inverse) string, w1 (resp. w2k) is
trivial.
From now on we will always allow that w1 or w2k or both are trivial and we will only
explicitly treat these cases separately when necessary. Note that if w1 (resp. w2k) is
trivial then s(w1) = t(w1) = s(w2) (resp. s(w2k) = t(w2k) = t(w2k−1)). The top of M
is
top(M) = S(t(w1))⊕ S(t(w3))⊕ · · · ⊕ S(t(w2k−1))
and the socle of M is
soc(M) = S(s(w1))⊕ S(t(w2))⊕ S(t(w4))⊕ · · · ⊕ S(t(w2k))
where we adopt the convention that S(s(w1)) = 0 (resp. S(t(w2k)) = 0) if w1 (resp.
w2k) is trivial. It follows from the above that we have
P (M) = P (t(w1))⊕ P (t(w3))⊕ · · · ⊕ P (t(w2k−1)).
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Pictorially, P (M) looks as follows. The red strings indicate summands of the first
syzygy, the white square boxes indicate two-dimensional vector spaces: for i = 1, . . . , k,
the simple t(w2i) appears in the two projectives P (t(w2i−1)) and P (t(w2i+1)).
y2ix−12i+1
w2i
t(w2i+1)
t(w2i−1)
t(w2i)x−12i−1
t(w2i−2)
t(w1)
w1
s(w1)
y2x−11
Note that P (t(w2i−1)) = x−12i−1w2i−1w2iy2i where x
−1
2i+1 and y2i might be trivial strings,
for 1 ≤ i ≤ (n + 1)/2 and where x−12i−1 (resp. y2i) is the unique string such that
x−12i−1w2i−1 (resp. w2iy2i) is a left maximal inverse (resp. right maximal direct) string. If
w1 is trivial then P (t(w1)) = x
−1
1 w2y2 and if w2k is trivial P (t(w2k−1)) = x
−1
2k−1w2k−1y2k.
We will now determine the summands of Ωj(M), for j ≥ 1 beginning with Ω1(M).
The summands of Ω1(M) arise from the socle of M . In (i) we consider the summands
corresponding to the “interior” of the string w, in (ii) and (iii) the summands arising
from the beginning and the end of w.
(i) We start by determining Li for 1 ≤ i < k. Suppose first that both x−12i+1 and
y2i are non-trivial. Note that in this case, x
−1
2i+1y2i is a string and the string module
M(x−12i+1y2i) is a direct summand of Ω
1(M) and we have Li = M(x
−1
2i+1y2i). Since
Λ is gentle, by maximality of x−12i+1w2i+1 and of w2iy2i, Li is the projective module
P (t(w2i)).
Suppose now that only one of x−12i+1 and y2i is non-trivial. Suppose first that x
−1
2i+1
is trivial and that y2i = β1 . . . βm. Then we must have Li = P (t(w2i)) = M(y2i).
Similarly, if only x−12i+1 is non-trivial then Li = P (t(w2i)) = M(x
−1
2i+1). If both x2i−1
and y2i are trivial then Li = P (t(w2i)) is the simple module at t(w2i) and it is projective.
Thus in all cases Li = P (t(w2i)).
(ii) We now determine L0. If x
−1
1 is trivial then L0 = 0. If x
−1
1 is not trivial then
x−11 = (αm . . . α1)
−1 for α1, . . . , αm ∈ Q1. Then clearly L0 = R(α1) which is uniserial.
Following Lemma 2.3 (1) there are two possible cases depending on whether α1 is in
C(Λ) or not: Suppose that α1 /∈ C(Λ). Let γ1 . . . γm be the maximal path in KQ such
that α1 = γ1 and γiγi+1 ∈ I. Then L0 has projective dimension m and Ωi(L0) is a
direct summand of Ωi+1(M) for all 1 ≤ i ≤ m − 1. In particular, we have Ωi(M) = 0
for i ≥ m. Suppose now that α1 ∈ C(Λ)n for some n ≥ 1, that is, there are arrows
γ1, . . . , γn in Q1 such that γ1 = α1, γiγi+1 ∈ I and γnγ1 ∈ I. Then by Lemma 2.3,
Ωln+iR(α1) = Ω
iR(α1) for 0 ≤ i ≤ n − 1 and for all l ≥ 0 and R(α1) is a direct
summand of Ωln+1(M). More generally in this case, Ωnl+i(R(α1)) = R(αi) is a direct
summand of Ωnl+i+1(M) for all i ≥ 1.
(iii) This is analogous to case (ii). 
Remark 3.2. In the proof of Proposition 3.1 we give an explicit description of the strings
defining the modules Li and Ni. In particular, keeping the notation of Proposition 3.1,
we see that if L0 and Lk are non-zero then they are of the form R(α) for some arrow
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α ∈ Q1. Similarly, if N0 and Nl are non-zero then they are of the form U(β) for some
β ∈ Q1.
Proposition 3.1 combined with Lemma 2.3 yields the following.
Corollary 3.3. Let M,N be indecomposable string modules over a gentle algebra Λ.
Let Ω1(M) = L0 ⊕ · · · ⊕ Lk be as in Proposition 3.1. Then
Ext2Λ(M,N) = Ext
1
Λ(L0, N)⊕ Ext1Λ(Lk, N).
More generally, for n ≥ 2 we have
ExtnΛ(M,N) = Ext
1
Λ(Ω
n−2(L0), N)⊕ Ext1Λ(Ωn−2(Lk), N)
where for i = 0, k, the module Ωn−2(Li) is either 0 or of the form R(α) for some arrow
α.
In particular, if Λ = Λ(T ), for n ≥ 2,
ExtnΛ(M,N) = Ext
n+3
Λ (M,N).
By Corollary 3.3 to compute higher extensions between M and N indecomposable
string modules, it is enough to determine Ext1Λ(R(α), N), for certain arrows α.
We can use Proposition 2.8 and Proposition 3.1 to analyse the pattern of the higher
syzygies between indecomposable string modules. For this, we need the following no-
tion: Let M(w) be a string module, w = w1 · · ·wn. We say that M(w) or the string w
minimally ends in a cycle if at least one of the following is the case:
(i) w1 is inverse, there exists α ∈ C(Λ) with s(w1) = t(α) and α−1w is a string.
(ii) wn is direct, there exists β ∈ C(Λ) with t(wn) = s(β) and wβ is a string.
As a summary, using Proposition 2.8, we now have the following.
Theorem 3.4. Let Λ = KQ/I be a gentle algebra and M,N two indecomposable Λ-
modules. Then ExtiΛ(M,N) is either eventually zero or becomes periodic.
Furthermore, Exti(M,N) is eventually periodic of period k if and only if M and N
minimally end in a common cycle, where k is the size of the corresponding cycle of full
relations or the least common multiple of the lengths of the cycles of full of relations at
both ends of the strings.
More precisely, there exists n0 > 0 such that for all i ≥ n0 and for all l ≥ 0,
ExtiΛ(M,N) = Ext
i+kl
Λ (M,N).
The above implies that most of the higher extensions between indecomposable string
modules are 0 and we have:
Corollary 3.5. Let M and N be indecomposable string modules for a gentle algebra
Λ. Set mj := dim Ext
j
Λ(M,N). Then there exists n0 > 0 such that for all j ≥ n0,
mj +mj+1 + . . .+mj+k−1 ≤ 2, for k as in Theorem 3.4, and this number is constant.
If Λ = Λ(T ), then n0 = 2 and k = 3.
The arguments in the proof of Proposition 3.1 applied to band modules give the
following well-known result:
Corollary 3.6. Let Λ be a gentle algebra. Let w be a band and B(w) the associated
quasi-simple band module over Λ. Then pd(B(w)) = id(B(w)) = 1.
Proof. This follows directly from the analysis of Ω1 and Ω−1 in the proof of Proposi-
tion 3.1 together with the fact that in a band w there is no beginning or end. 
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4. Geometric interpretations of higher extensions
In this section, we give geometric interpretations of the vanishing or periodicity of
higher extensions, using surface models for gentle algebras. For gentle algebras arising
from triangulations of surfaces using the geometric model in [1], the dimension of Ext1
between two indecomposable string modules is bounded from above by the number of
intersections between the two associated curves [7]. For the general case, using the
explicit description of extensions in [6] (see also [4]) and the geometric model in [2], the
analogous result holds.
For the higher extension spaces, we can use the results from Section 3 to give a
geometric characterisation of higher extension spaces. Since it is possible to give a
concise description of all higher extensions in the case of gentle algebras arising from
triangulations of surfaces we start with this case.
4.1. Triangulations. We begin by giving an explicit interpretation of bases of the
higher extensions in the case of triangulations. For the remainder of Section 4.1, Λ =
Λ(T ) is a gentle algebra arising from a triangulation T of a surface. Higher non-trivial
syzygies only arise when the two indecomposable string modules minimally end in at
least one common 3-cycle, see Theorem 3.4. In terms of triangulations of surfaces,
this means that the arcs corresponding to indecomposable modules end in at least one
common internal triangle, see also Remark 4.8 for the general case. So in order to find
bases for higher extensions between indecomposable string Λ-modules M = M(v) and
N = M(w), we have to study the relative positions of the two ends of the arcs γv and
γw in a common internal triangle. This will provide us with descriptions of Ext
i(M,N)
for i ≥ 2. By Proposition 3.1, if M(v) is an indecomposable string module we have
Ω1(M(v)) = L0⊕· · ·⊕Lk. Recall that if L0 (or Lk respectively) is non-zero, then there
exists an arrow α such that L0 = R(α) and similarly for Lk. If R(α) is non-projective,
then α ∈ C(Λ) and therefore, we have a set-up as in Figure 3 where p is the string of
R(α), that is R(α) = M(p). We will use the notation as in Figure 3 for the rest of this
subsection.
X
Y
α1 = α
α2
αm
β
δ
p
γv
Z
Figure 3. Arc γv with R(α) = M(p) non-projective.
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Theorem 4.1. Let Λ = Λ(T ) = KQ/I and let M(v) and M(w) be indecomposable
string modules. Denote the corresponding arcs by γv and γw. Then
dim Ext2Λ(M(v),M(w)) =
 2 if γv, γw are as in Case 11 if γv, γw are as in Case 2
0 otherwise
Case 1: At both ends γv follows γw in the orientation of the surface in an internal
triangle, see Figure 4.
Case 2: γv follows γw in the orientation of the surface only at one of the two ends of
the arcs.
In case 1, the two arrow extensions given by β and β′ as in Figure 4 induce a basis for
Ext2Λ(M(v),M(w)). In case 2, the basis is induced by only one of the arrow extensions.
Furthermore, Ext2+3k(M(v),M(w)) ∼= Ext2(M(v),M(w)) for all k ≥ 0.
Proof. By Corollary 3.3, Ext2Λ(M(v),M(w)) = Ext
1
Λ(L0,M(w))⊕ Ext1Λ(Lk,M(w)). If
L0 respectively Lk are non-zero, then L0 = R(α) and Lk = R(α
′) respectively, for some
arrows α, α′ in Q1.
Suppose dim Ext2Λ(M(v),M(w)) 6= 0. Then at least one of R(α) and R(α′) is non-
zero and non-projective. Suppose w.l.o.g. that R(α) is non-zero non-projective and
furthermore, let p be the right maximal string such that R(α) = M(p).
Thus we are in the set-up of Figure 3. If γw locally is as in Figure 4, wβ
−1p is
a string and therefore, by Proposition 2.8, there is an arrow extension with arrow β.
Thus dim Ext1Λ(R(α),M(w)) = 1 and the result follows. 
X
Y
α
β
δ
γv
γw
Z
X 0
Y 0
α0
β0
δ0
γv
γw
Z 0
γwβ 1 p
γwβ0 1 q
p
Figure 4. Local endpoint configurations of γv and γw contributing to
Ext2Λ(M(v),M(w)). Note that the vertices {X,Y, Z,X ′, Y ′, Z ′} are not
necessarily distinct.
Remark 4.2. We can describe a basis of Ext2Λ(M(v),M(w)) = Ext
1
Λ(L0,M(w)) ⊕
Ext1Λ(Lk,M(w)) in terms of arcs.
The basis element corresponding to Ext1Λ(L0,M(w)) is given by the string wβ
−1p where
p is the string of R(α). Its arc γwβ−1p starts at the anti clockwise neighbour of X and
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follows γw to end at X
′. See left side of Figure 4. Note that if X is the only marked
point on the boundary then γwβ−1p is corresponds to the image of γw under a Dehn
twist.
The basis element corresponding to Ext1Λ(Lk,M(w)) is given by the string wβ
′−1q
where q is the string of R(α′). Its arc γwβ′−1q starts at the anti clockwise neighbour of
X ′ (as for X above this might be X ′ itself) and follows γw to end at X. See right side
of Figure 4.
Theorem 4.3. Let Λ = Λ(T ) = KQ/I and let M(v) and M(w) be indecomposable
string modules. Denote the corresponding arcs by γv and γw. Then
dim Ext3Λ(M(v),M(w)) =
 2 if γv, γw are in Case 11 if γv, γw are in Case 2
0 otherwise
Case 1: both ends of γv and γw start at the same vertex in an internal triangle, cf. Fig-
ure 5.
Case 2: γv and γw start at the same endpoint only at one side.
In case 1, the two arrow extensions given by δ and δ′, as in Figure 5, induce a basis
for Ext3Λ(M(v),M(w)). In case 2, the basis is induced by only one of them.
Furthermore, Ext3+3k(M(v),M(w)) ∼= Ext3(M(v),M(w)) for all k ≥ 0.
X
Y
α
β
δ γw
Z
γv
X ′
Y ′
α′
β′
δ′
γv
γw
Z ′
γwδ−1p
γwδ′−1q
Figure 5. Local endpoint configurations of γv and γw contributing to
Ext3Λ(M(v),M(w)).
Proof. By Corollary 3.3, Ext3Λ(M(v),M(w)) = Ext
1
Λ(Ω
1(L0),M(w))⊕Ext1Λ(Ω1(Lk),M(w)).
Recall that if L0 and Lk respectively are non-zero, then there exist arrows α, α
′ such
that L0 = R(α), Lk = R(α
′).
Suppose that Ext3Λ(M(v),M(w)) 6= 0, then at least one of R(α), R(α′) is not pro-
jective. W.l.o.g. let R(α) be non-projective. Then there exist β, δ such that α, β, δ
forms a triangle full of relations. By Lemma 2.3 (3), Ω1(R(α)) = R(β). Then by
Proposition 2.8 Ext1Λ(Ω
1(R(α)),M(w)) 6= 0 if and only if γv and γw start at X, see
Figure 5 
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Remark 4.4. We can describe a basis of Ext3Λ(M(v),M(w)) in terms of arcs.
The basis element corresponding to Ext1Λ(Ω
1(L0,M(w))) is given by the string wδ
−1p
where p is the string of R(β). Its arc γwδ−1p starts at the anti clockwise neighbour of
Y and follows γw to end at Y
′. See left side of Figure 5.
The basis element corresponding to Ext1Λ(Ω
1(Lk),M(w)) is given by the string wδ
′−1q
where q is the string of R(β′). Its arc γwδ′−1q starts at the anti clockwise neighbour of
Y ′ and follows γw to end at Y . See right side of Figure 5.
Theorem 4.5. Let Λ = Λ(T ) = KQ/I and let M(v) and M(w) be indecomposable
string modules. Denote the corresponding arcs by γv and γw. Then
dim Ext4Λ(M(v),M(w)) =
 2 if γv, γw are in Case 11 if γv, γw are in Case 2
0 otherwise
Case 1: at both ends, in the orientation of the surface, γw follows γv in an internal
triangle, see Figure 6.
Case 2: γw follows γv only at one of the two ends of the arcs.
In case 1, the two arrow extensions given by α and α′ as in Figure 6 induce a basis
for Ext4Λ(M(v),M(w)). In case 2, the basis is induced by only one of them.
Furthermore, Ext4+3k(M(v),M(w)) ∼= Ext4(M(v),M(w)) for all k ≥ 0.
X
Y
α
β
δ
Z
γv
γw
X ′
Y ′
α′
β′
δ′
Z ′
γv
γw
γwα−1p γwα′−1q
Figure 6. Local endpoint configurations of γv and γw contributing to
Ext4Λ(M(v),M(w)).
Proof. The claim follows with a similar argument as in the proofs of Theorem 4.1 and
4.5, using
Ext4Λ(M(v),M(w)) = Ext
1
Λ(Ω
2(L0),M(w))⊕ Ext1Λ(Ω2(Lk),M(w))

Remark 4.6. We can describe a basis of Ext4Λ(M(v),M(w)) in terms of arcs.
The basis element corresponding to Ext1Λ(Ω
2(L0,M(w))) is given by the string wα
−1p
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where p is the string of R(δ). Its arc γwα−1p starts at the anti clockwise neighbour of
Z and follows γw to end at Z
′. See left side of Figure 6.
The basis element corresponding to Ext1Λ(Ω
2(Lk),M(w)) is given by the string wα
′−1q
where q is the string of R(δ′). Its arc γwα′−1q starts at the anti clockwise neighbour of
Z ′ and follows γw to end at Z. See right side of Figure 6.
We end this section on gentle algebras arising from triangulations with an example.
Example 4.7. Consider the following triangulation of an annulus, given by the black
arcs labelled 1, 2, . . . , 14 in the figure.
1
2
3
4
5
6
7
89
10
11
12
13
14
P1
P3
P4
P5
P6
P11
P13
γv
P12
γw
Figure 7. A triangulation of an annulus.
Its algebra is given by the quiver Q = Q(T )
3
2
1
456
789
10
12
11
13
14α
γ
β δ
where the composition of any two arrows in a triangle is zero. We compute the pro-
jective resolutions for the indecomposable string modules M = M(v) and N = M(w)
corresponding to the two arcs γv and γw. We use this to determine the higher exten-
sions between and give the corresponding arcs. Take the indecomposable modules M =
13
14 5 3
6 4 2
and N = 12 corresponding to the arcs γw and γv in the figure. Note
that γw and γv both have one endpoint in an internal triangle and one endpoint in
a triangle with one boundary edge. We first compute the projective resolution of M .
The arcs corresponding to the projective indecomposables appearing in the resolution
are drawn in red (dotted) in Figure 7. They form a zig-zag path in the surface.
· · · //

P11 //

P13 //

P12 //

P11 ⊕ P6 ⊕ P4 ⊕ P1 //
((
P13 ⊕ P5 ⊕ P3 // M
R(β)
AA
R(α)
AA
R(γ)
BB
R(β)
77
Ω1(M)
88
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We have Ω1(M) = L0 ⊕ L1 ⊕ L2 ⊕ L3 where L0 = R(α), L1 = P6, L2 = P4, L3 =
P1. Furthermore, Ω
2(M) = Ω1(L0) = R(β) = 12 and Ω
3(M) = Ω2(L0) = R(γ),
cf. Lemma 2.3 and Proposition 3.1. The projective resolution of N is
· · ·

//// P13 //

P12 //

P11 //

P13 //

P12 // N
R(γ)
BB
R(γ)
BB
R(β)
AA
R(α)
AA
Ω1(N)
@@
where Ω1(N) = R(γ).
Using this, we determine the higher extensions between M and N . It is straight-
forward to see that Ext1(M,N) = Ext1(N,M) = 0 and we note that the arcs γv
and γw do not intersect. We also have Ext
2(M,N) = Ext1(Ω1(M), N) = 0 and
Ext2(N,M) = Ext1(Ω1(N),M) = 0. The second extensions of N by M is non-zero:
Ext2(M,N) = Ext1(Ω2(M), N) = Ext2(R(α), 12) ∼= K where the non-trivial middle
term of the short exact sequence is M = 11
12 10
9
8
. Ext3(N,M) = Ext3(M,N) = 0
and Ext4(N,M) ∼= K with middle term of the non-trivial extension given by 12
M
, while
Ext4(M,N) = 0. This yields
dim Exti(N,M)i>0 = (0, 0, 0, 1, 0, 0, 1, 0, . . . )
dim Exti(M,N)i>0 = (0, 1, 0, 0, 1, 0, . . . ).
To obtain the projective indecomposables appearing in degree 2 and above in the pro-
jective resolution of a module ending in an internal triangle, such as M , we only need
to rotate the arcs forming this internal triangle to obtain the arcs corresponding to the
indecomposables P (L0), P (Ω
1(L0)) and P (Ω
2(L0)) where L is a direct summand of the
first syzygy of M .
6
7
89
10
11
12
13
14
6
7
89
10
11
12
13
14
P (L0)
P (Ω2(L0))
P (Ω1(L0))
In other words, the projective covers of L0, Ω
1(L0) and of Ω
2(L0) form a triangle.
4.2. Geometric interpretation of higher extensions for general gentle alge-
bras. Similarly as in the surface triangulation case, using the results of Section 3 and
of the geometric description of the module category of a gentle algebra in [2], a geomet-
ric description of higher extensions between indecomposable string modules for general
gentle algebras can be given as follows.
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Remark 4.8. Let Λ = KQ/I be gentle, let M = M(v) and N = M(w) be indecom-
posable string modules with associated arcs γv and γw. Let P0 and Pk be the tiles in
which the arc γv starts and ends and P
′
0 and P
′
k′ be the tiles in which γw starts and
ends. Then we have:
(1) There exists n0 > 0 such that Ext
i(M,N) = 0 for all i ≥ n0 if and only if the arcs
γv and γw start or end in no common internal tile.
(2) There exist infinitely many i > 0 with Exti(M,N) 6= 0 if {P0, Pk}∩{P ′0, P ′k′} 6= ∅ and
at least one of the common tiles is internal. In this case, the sequence (dim Exti(M,N))i
eventually becomes periodic with period equal to the size of this common tile or of the
least common multiple of the two common tiles.
To finish this section, we consider two examples of gentle algebras, one with infinite
and one with finite global dimension.
Example 4.9. Let Λ be the gentle algebra given by the quiver below, with a 4-cycle full
of relations. By [2] (see also [8]), Λ can be given by a dissection of a polygon as shown
on the right. We consider (higher) extensions between the two indecomposable string
modules N = M(w) = 2
3
and M = M(v) = 4
5
.
1
2 34 5
6
γv
γw
1
2 34 5
6
α β
γδ
The projective resolution of N is
· · · //

P6 //

P2 //

P1 //

P5 //

P6 //

P2 // N
R(δ)
CC
R(γ)
BB
R(β)
BB
R(α)
BB
R(δ)
CC
Ω(N)
BB
with Ω(N) = R(γ) = 6. The one of M is:
· · · //

P1 //

P5 //

P6 //

P2 //

P1 //

P4 // M
R(β)
BB
R(α)
BB
R(δ)
CC
R(γ)
BB
R(β)
BB
Ω(M)
AA
where Ω(M) is the simple at 1, R(β) = 2
3
, R(γ) = 6, R(δ) = 5, R(α) = 1. One obtains
Ext1(N,M) = 0, Ext2(N,M) = Ext1(Ω(N),M) ∼= K, Ext3(N,M) = Ext1(R(δ),M) =
0, Ext4(N,M) = Ext1(R(α),M) = 0, Ext5(N,M) = Ext1(R(β),M) = 0, so for the
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dimensions, we have dim Exti(N,M)i>0 = (0, 1, 0, 0, 0, 1, 0, 0, 0, . . . ).
1
2 34 5
6
γv
γw
γu
γ′w
1
2 34 5
γv
γw
γ′v
γs
6
In the picture on the left, γu is drawn dotted red, it is the arc corresponding to Ω
1(N)
and the arc yielding a basis element for Ext2(N,M) is γ′w. Similarly, Ext
1(M,N) = 0
Ext2(M,N) = Ext1(1, N) ∼= K Ext3(M,N) = Ext4(M,N) = Ext5(M,N) = 0. In the
picture on the right, the red dotted arc γs corresponds to Ω
1(M), the arc yielding a
basis element for Ext2(M,N) is γ′v.
Example 4.10. Let Λ be the gentle algebra given by the quiver below, where the relations
are generated by αβ. This algebra arises from the polygon dissection on the right.
1 2 34 5
α β
1
2 34 5
γv
γw
γ′v
γs
N = M(w) = 2
3
and M = M(v) = 4
5
. Here, N is projective, so Exti(N,M) = 0 for
all i > 0. The module M is not projective, but has finite projective dimension,
0 // P2 //

P1 //

P4 // M
R(β)
BB
Ω(M)
AA
with Ω(M) = 1 and R(β) = N . From this, we get Ext2(M,N) = Ext1(Ω(M), N) ∼= K
and Exti(M,N) = 0 for all i > 0, i 6= 2. Again, the red dotted arc γs corresponds to
Ω1(M) and the arc yielding a basis element for Ext2(M,N) is γ′v.
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